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Abstract
In this paper we prove some new equivalences between convergence of the Ishikawa and Mann iter-
ation sequences with errors in two schemes by Xu [Y.G. Xu, Ishikawa and Mann iteration process with
errors for nonlinear strongly accretive operator equations, J. Math. Anal. Appl. 224 (1998) 91–101] and
Liu [L.S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings in
Banach spaces, J. Math. Anal. Appl. 194 (1995) 114–125], respectively, for strongly successively pseudo-
contractive mappings. Our main results improve and extend the corresponding results of the all references
listed in this article.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Strongly successively pseudocontractive mappings; Modified Mann iteration with errors; Modified Ishikawa
iteration with errors
1. Introduction
Throughout the article we assume that X is a uniformly smooth Banach space. Let J denote
the normalized duality mapping from X to 2X∗ defined by
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where X∗ denotes the dual space of X and 〈·,·〉 denotes the generalized duality pairing. We note
the single-valued duality mapping by j .
An mapping T is said to be:
(i) strongly successively pseudocontractive if there exists k ∈ (0,1) such that
〈
T nx − T ny, j (x − y)〉 k‖x − y‖2 (1)
for all x, y ∈ X, and j (x − y) ∈ J (x − y);
(ii) strongly pseudocontractive if there exists k ∈ (0,1) such that
〈
T x − Ty, j (x − y)〉 k‖x − y‖2 (2)
for all x, y ∈ X, and j (x − y) ∈ J (x − y). Obviously if we replace T n by T in (1), we will
obtain (2).
We define that the modified Mann iteration with errors by
un+1 = (1 − αn)un + αnT nun + ξn, (3)
and that the modified Ishikawa iteration with errors by
yn = (1 − βn)xn + βnT nxn + n,
xn+1 = (1 − αn)xn + αnT nyn + νn, (4)
where the sequences {αn}, {βn} ⊆ [0,1] satisfy
lim
n→∞αn = 0, limn→∞βn = 0,
∞∑
n=1
αn = ∞, (5)
and the sequences {ξn}, {νn}, {n} satisfy
∞∑
n=1
‖ξn‖ < ∞,
∞∑
n=1
‖νn‖ < ∞, lim
n→∞‖n‖ = 0. (6)
The following lemmas will be needed in the proofs of our main results.
Lemma 1. [2] If X is a real Banach space, then
‖x + y‖2  ‖x‖2 + 2〈y, j (x + y)〉 (7)
for ∀x, y ∈ X, ∀j (x + y) ∈ J (x + y).
Lemma 2. [11] Let {an}, {bn} and {cn} be nonnegative real sequences satisfying
an+1  (1 − λn)an + bn + cn ∀n > n0, n ∈N,
where n0 is some natural number and {λn} is a sequence in [0,1] such that ∑∞n=1 λn = ∞,
bn = o(λn) and ∑∞n=1 cn < ∞. Then an → 0 as n → ∞.
After 1990, several researchers [1–18] around the world proved that the Mann and Ishikawa
iterative sequences with errors converge to the fixed points of strongly pseudocontractive map-
pings (even of φ-hemicontractive mappings) under suitable conditions. In 2001, Chidume and
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fails to converge while the Ishikawa iteration converges.
Therefore an open question arises:
Are there any differences between these two kinds of sequences? Can we prove the equiva-
lence of the convergence between these two kinds of sequences?
Rhoades and Soltuz in [16,17] partially answered the question showing that the equivalence
of the convergence between the original Ishikawa iterative sequence [9] and the original Mann
iterative sequence [13] under some strict conditions.
It is our purpose in this paper to continue the study on the equivalence of convergence be-
tween the modified sequences with errors defined by Liu [11] and Xu [18]. Then as a conclusion
of our results, in uniformly smooth Banach spaces and without Lipschitzian assumption (even not
necessarily continuous) and any geometric restriction on the iteration parameters whatever, for
any initial point u1 = x1 ∈ X, these modified sequences with errors converge equivalently. Con-
sequently, our theorems will include the results recently in [16,17] as special cases and hence
generalize all of the recent results in [1–18].
2. Main results
Theorem 1. Let X be a real uniformly smooth Banach space and let T :X → X be a strongly
successively pseudocontractive mapping with bounded range. The sequences {un} and {xn} are
defined by (3) and (4), respectively, with {αn}, {βn} ⊆ [0,1] satisfying (5), and {ξn}, {n}, {νn}
satisfying (6). Then for any initial point u1 = x1 ∈ X, the following two assertions are equivalent:
(i) modified Mann iteration with errors (3) converges to the fixed point x∗ ∈ F(T );
(ii) modified Ishikawa iteration with errors (4) converges to the fixed point x∗ ∈ F(T ).
Proof. If the modified Ishikawa iteration with errors (4) converges to x∗ ∈ F(T ), then set βn = 0,
n = 0, ∀n ∈ N in (4), we can get the convergence of modified Mann iteration with errors.
Conversely, we shall prove (i) ⇒ (ii).
Since the range of T is bounded and T (T X) ⊆ TX, then T nX is bounded. By induction we
can conclude that {xn}, {yn} are also bounded. Since limn→∞ un = x∗, then {un} is bounded. Set
M := sup
n
{∥∥T nyn − T nun
∥∥,‖xn − un‖,
∥∥xn − T nyn
∥∥,
∥∥un − T nun
∥∥,
∥∥xn − T nxn
∥∥}. (8)
Then M < ∞.
From (3), (4) and Lemma 1, we have
‖xn+1 − un+1‖2
= ∥∥(1 − αn)(xn − un) + αn
(
T nyn − T nun
)+ (νn − ξn)
∥∥2
 (1 − αn)2‖xn − un‖2 + 2
〈
αn
(
T nyn − T nun
)+ (νn − ξn), j (xn+1 − un+1)
〉
= (1 − αn)2‖xn − un‖2 + 2αn
〈
T nyn − T nun, j (xn+1 − un+1)
〉
+ 2〈νn − ξn, j (xn+1 − un+1)
〉
= (1 − αn)2‖xn − un‖2 + 2αn
〈
T nyn − T nun, j (yn − un)
〉
+ 2αn
〈
T nyn − T nun, j (xn+1 − un+1) − j (yn − un)
〉+ 2〈νn − ξn, j (xn+1 − un+1)
〉
 (1 − αn)2‖xn − un‖2 + 2αnk‖yn − un‖2
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∥∥T nyn − T nun
∥∥ · ∥∥j (xn+1 − un+1) − j (yn − un)
∥∥
+ 2‖xn+1 − un+1‖
(‖νn‖ + ‖ξn‖
)
 (1 − αn)2‖xn − un‖2 + 2αnk‖yn − un‖2 + 2αnM
∥∥j (xn+1 − un+1) − j (yn − un)
∥∥
+ 2M(‖νn‖ + ‖ξn‖
)
. (9)
We know that if X is a uniformly smooth Banach space, then J is a single mapping and
uniformly continuous on every bounded set (see [10]).
Set
σn := 2M
∥∥j (xn+1 − un+1) − j (yn − un)
∥∥. (10)
Now we have
∥∥(xn+1 − un+1) − (yn − un)
∥∥
= ∥∥(xn+1 − yn) − (un+1 − un)
∥∥

∥∥−αnxn + βnxn + αnT nyn − βnT nxn + νn − n
∥∥+ ∥∥αnun − αnT nun − ξn
∥∥
 αn
(∥∥xn − T nyn
∥∥+ ∥∥un − T nun
∥∥)+ βn
(∥∥xn − T nxn
∥∥)+ ‖νn‖ + ‖n‖ + ‖ξn‖
 (αn + βn)2M + ‖νn‖ + ‖n‖ + ‖ξn‖ → 0, as n → ∞. (11)
Then we have σn → 0 as n → ∞. Since
‖yn − un‖2 
[‖xn − un‖ + ‖xn − yn‖
]2
= [‖xn − un‖ +
∥∥βn
(
xn − T nxn
)− n
∥∥]2

[‖xn − un‖ + βn
∥∥xn − T nxn
∥∥+ ‖n‖
]2

[‖xn − un‖ + βnM + ‖n‖
]2
= ‖xn − un‖2 +
(
βnM + ‖n‖
)(
2‖un − xn‖ + βnM + ‖n‖
)
 ‖xn − un‖2 +
(
βnM + ‖n‖
)(
3M + ‖n‖
)
, (12)
therefore from (9), we have
‖xn+1 − un+1‖2
 (1 − αn)2‖xn − un‖2 + 2αnk‖yn − un‖2 + 2αnM
∥∥j (xn+1 − un+1) − j (yn − un)
∥∥
+ 2M(‖νn‖ + ‖ξn‖
)
 (1 − αn)2‖xn − un‖2 + 2kαn
[‖xn − un‖2 +
(
βnM + ‖n‖
)(
3M + ‖n‖
)]
+ αnσn + 2M
(‖νn‖ + ‖ξn‖
)
= (1 − 2(1 − k)αn + α2n
)‖xn − un‖2 + αn
[
2k
(
βnM + ‖n‖
)(
3M + ‖n‖
)+ σn
]
+ 2M(‖νn‖ + ‖ξn‖
)
. (13)
Since limn→∞ αn = 0, there exists a natural number n0 ∈ N, such that for all n > n0, n ∈ N,
we have αn  (1 − k). Then
1 − 2(1 − k)αn + α2n  1 − 2(1 − k)αn + αn(1 − k) = 1 − (1 − k)αn. (14)
Taking (14) into (13), we get
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
(
1 − (1 − k)αn
)‖xn − un‖2 + αn
[
2k
(
βnM + ‖n‖
)(
3M + ‖n‖
)+ σn
]
+ 2M(‖νn‖ + ‖ξn‖
)
. (15)
Set
an := ‖xn − un‖2, λn := (1 − k)αn,
bn := αn
[
2k
(
βnM + ‖n‖
)(
3M + ‖n‖
)+ σn
]
,
cn := 2M
(‖νn‖ + ‖ξn‖
)
.
Now we can read (15) as
an+1  (1 − λn)an + bn + cn ∀n > n0,
where
∑∞
n=1 λn = ∞, bn = o(λn),
∑∞
n=1 cn < ∞ from conditions (5) and (6) in which n0 is a
natural number. So from Lemma 2, limn→∞ ‖xn − un‖ = 0.
Since the modified Mann iteration with errors converges to x∗, that is, limn→∞ ‖un−x∗‖ = 0.
From the inequality 0 ‖xn − x∗‖ ‖xn − un‖ + ‖un − x∗‖, we have limn→∞ ‖xn − x∗‖ = 0.
This completes the proof. 
Now we consider another form of Mann and Ishikawa iterations with errors. We define that
the modified Mann iteration with errors by
un+1 = (1 − αn − γn)un + αnT nun + γnξn, (16)
and that the modified Ishikawa iteration with errors by
xn+1 = (1 − αn − γn)xn + αnT nyn + γnνn,
yn = (1 − α′n − γ ′n)xn + α′nT nxn + γ ′nn, (17)
where the sequences {αn}, {α′n}, {γn}, {γ ′n} ⊆ [0,1] satisfy
lim
n→∞αn = limn→∞α
′
n = 0,
∞∑
n=1
αn = ∞,
∞∑
n=1
γn < ∞, lim
n→∞γ
′
n = 0, (18)
and the sequences {ξn}, {νn}, {n} are bounded.
Theorem 2. Let X be a real uniformly smooth space and let T :X → X be a strongly successively
pseudocontractive mapping with bounded range. The sequences {un} and {xn} are defined by
(16) and (17), respectively, with {αn}, {α′n}, {γn}, {γ ′n} ⊆ [0,1] satisfying (18), and {ξn}, {νn},
{n} being bounded. Then for u1 = x1 ∈ X, the following two assertions are equivalent:
(i) modified Mann iteration with errors (16) converges to the fixed point x∗ ∈ F(T );
(ii) modified Ishikawa iteration with errors (17) converges to the fixed point x∗ ∈ F(T ).
Proof. If the modified Ishikawa iteration with errors (17) converges to x∗ ∈ F(T ), then setting
α′n = γ ′n = 0,∀n ∈ N, we can get the convergence of modified Mann iteration with errors. Next
we will prove the result (i) ⇒ (ii).
Since T nX, {xn}, {yn}, and {un} are bounded, we set
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n
{∥∥T nyn − T nun
∥∥,‖νn − ξn‖,
∥∥xn − T nyn
∥∥,
∥∥un − T nun
∥∥,‖un − xn‖,
∥∥xn − T nxn
∥∥,‖xn − νn‖,‖xn − n‖,‖ξn − un‖
} (19)
to obtain M < ∞.
From (16), (17) and Lemma 1 with
x := (1 − αn − γn)(xn − un), y := αn
(
T nyn − T nun
)+ γn(νn − ξn),
then
‖xn+1 − un+1‖2
= ∥∥(1 − αn − γn)(xn − un) + αn
(
T nyn − T nun
)+ γn(νn − ξn)
∥∥2
 (1 − αn − γn)2‖xn − un‖2 + 2
〈
αn
(
T nyn − T nun
)+ γn(νn − ξn), j (xn+1 − un+1)
〉
 (1 − αn)2‖xn − un‖2 + 2αn
〈
T nyn − T nun, j (xn+1 − un+1)
〉
+ 2γn
〈
νn − ξn, j (xn+1 − un+1)
〉
 (1 − αn)2‖xn − un‖2 + 2αn
〈
T nyn − T nun, j (yn − un)
〉
+ 2αn
〈
T nyn − T nun, j (xn+1 − un+1) − j (yn − un)
〉
+ 2γn‖νn − ξn‖ ·
∥∥j (xn+1 − un+1)
∥∥
 (1 − αn)2‖xn − un‖2 + 2αnk‖yn − un‖2
+ 2αn
∥∥T nyn − T nun
∥∥ · ∥∥j (xn+1 − un+1) − j (yn − un)
∥∥+ 2γnM2
 (1 − αn)2‖xn − un‖2 + 2αnk‖yn − un‖2
+ 2αnM
∥∥j (xn+1 − un+1) − j (yn − un)
∥∥+ 2γnM2. (20)
Because X is a uniformly smooth space, J is a single-valued mapping and uniformly contin-
uous on every bounded set. Set
δn := 2M
∥∥j (xn+1 − un+1) − j (yn − un)
∥∥, (21)
then
∥∥(xn+1 − un+1) − (yn − un)
∥∥
= ∥∥(xn+1 − yn) − (un+1 − un)
∥∥

∥∥−(αn + γn)xn + (α′n + γ ′n)xn + αnT nyn − α′nT nxn + γnνn − γ ′nn
∥∥
+ ∥∥αn
(
T nun − un
)+ γn(ξn − un)
∥∥
 αn
(∥∥xn − T nyn
∥∥+ ∥∥un − T nun
∥∥)+ α′n
∥∥xn − T nxn
∥∥
+ γn
(‖xn − νn‖ + ‖ξn − un‖
)+ γ ′n‖xn − n‖
 (αn + γn)2M + (α′n + γ ′n)M → 0, as n → ∞, (22)
implies that δn → 0 as n → ∞. Moreover,
‖yn − un‖2 
[‖xn − un‖ + ‖xn − yn‖
]2
= [‖xn − un‖ +
∥∥α′n
(
T nxn − xn
)+ γ ′n(n − xn)
∥∥]2

[‖xn − un‖ + α′n
∥∥T nxn − xn
∥∥+ γ ′n‖n − xn‖
]2
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[‖xn − un‖ + M(α′n + γ ′n)
]2
= ‖xn − un‖2 + M(α′n + γ ′n)
[
2‖un − xn‖ + M(α′n + γ ′n)
]
 ‖xn − un‖2 + (α′n + γ ′n) · 4M2. (23)
Taking (21) and (23) into (20), then
‖xn+1 − un+1‖2
 (1 − αn)2‖xn − un‖2 + 2αnk
[‖xn − un‖2 + (α′n + γ ′n) · 4M2
]+ αnδn + 2γnM2
= [1 − 2(1 − k)αn + α2n
]‖xn − un‖2 + αn
[
δn + 8kM2(α′n + γ ′n)
]+ 2γnM2. (24)
Since limn→0 αn = 0, then αn < 1 − k for all n > n1, n ∈ N, where n1 is a sufficiently large
natural number. Then 1 − 2(1 − k)αn + α2n  1 − 2(1 − k)αn + (1 − k)αn = 1 − (1 − k)αn.
Hence from (24), we have
‖xn+1 − un+1‖2 
[
1 − (1 − k)αn
]‖xn − un‖2 + αn
[
δn + 8kM2(α′n + γ ′n)
]
+ 2γnM2. (25)
Denote
an := ‖xn − un‖2, bn := αn
[
δn + 8kM2(α′n + γ ′n)
]
,
cn := 2γnM2, λn := (1 − k)αn.
Now we can read (25) as
an+1  (1 − λn)an + bn + cn ∀n > n1, n ∈N,
where
∑∞
n=1 λn = ∞, bn = o(λn),
∑∞
n=1 cn < ∞ from condition (18) in which n1 is a suffi-
ciently large natural number. So from Lemma 2, limn→∞ ‖xn − un‖ = 0.
Since the modified Mann iteration with errors converges to x∗, that is, limn→∞ ‖un−x∗‖ = 0.
From the inequality 0 ‖xn − x∗‖ ‖xn − un‖ + ‖un − x∗‖, we have limn→∞ ‖xn − x∗‖ = 0.
This completes the proof. 
It is well known that the strongly pseudocontractive mapping is a particular form of the suc-
cessively strongly pseudocontractive mapping. Obviously, replacing T n by T in (1), one obtains
the definition of strongly pseudocontractive mapping (2). Then in Theorems 1 and 2, if T is a
strongly pseudocontractive mapping, the conclusion will be still true.
Replacing T n by T in (3) and (4), we obtain the following ordinary Mann and Ishikawa
iterations with errors, respectively:
un+1 = (1 − αn)un + αnT un + ξn, (26)
xn+1 = (1 − αn)xn + αnTyn + νn,
yn = (1 − βn)xn + βnT xn + n. (27)
Let T ,S :X → X, f ∈ X be given. It is well known that T is a strongly pseudocontractive
mapping if and only if (I − T ) is strongly accretive. Moreover, x∗ is the fixed point for the
mapping T x = f + (I − S)x if and only if x∗ is the solution for Sx = f . Then we have the
following results.
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pseudocontractive mapping with bounded range. The sequences {un} and {xn} are defined by
(26) and (27), respectively, with {αn}, {βn} ⊆ [0,1] satisfying (5), and {νn}, {n}, {ξn} satisfy-
ing (6). Then for u1 = x1 ∈ X, we have the following equivalences:
(i) Mann iteration with errors (26) converges to the fixed point x∗ ∈ F(T );
(ii) Ishikawa iteration with errors (27) converges to the fixed point x∗ ∈ F(T ).
Considering iterations (26), (27) with T x = f + (I − S)x, we have the following results.
Theorem 4. Let X be a real uniformly smooth Banach space and let S :X → X be a strongly
accretive mapping with bounded range. The sequences {un} and {xn} are defined by (26) and
(27), respectively, with {αn}, {βn} ⊂ [0,1] satisfying (5), and {νn}, {n}, {ξn} satisfying (6).
Then for u1 = x1 ∈ X, we have the following equivalences:
(i) Mann iteration with errors (26) converges to the solution x∗ of Sx = f ;
(ii) Ishikawa iteration with errors (27) converges to the solution x∗ of Sx = f .
Replacing T n by T in (16), (17) one obtains another form of ordinary Mann and Ishikawa
iterations with errors, respectively, defined by Xu [18]:
un+1 = (1 − αn − γn)un + αnT un + γnξn, (28)
xn+1 = (1 − αn − γn)xn + αnTyn + γnνn,
yn = (1 − α′n − γ ′n)xn + α′nT xn + γ ′nn. (29)
Theorem 5. Let X be a real uniformly smooth Banach space and let T :X → X be a strongly
pseudocontractive mapping with bounded range. The sequences {un}, {xn} are defined by (28)
and (29), respectively, with {αn}, {α′n}, {γn}, {γ ′n} ⊆ [0,1] satisfying (18), and {ξn}, {νn}, {n}
being bounded. Then for u1 = x1 ∈ X, we have the following equivalences:
(i) Mann iteration with errors (28) converges to the fixed point x∗ ∈ F(T );
(ii) Ishikawa iteration with errors (29) converges to the fixed point x∗ ∈ F(T ).
Analogously we consider iterations (28), (29) with T x = f + (I − S)x.
Theorem 6. Let X be a real uniformly smooth Banach space and S :X → X be a strongly
accretive mapping with bounded range. The sequences {un} and {xn} are defined by (28) and
(29), respectively, with {αn}, {α′n}, {γn}, {γ ′n} ⊆ [0,1] satisfying (18), and {ξn}, {νn}, {n} being
bounded. Then for u1 = x1 ∈ X, we have the following equivalences:
(i) Mann iteration with errors (28) converges to the solution x∗ of Sx = f ;
(ii) Ishikawa iteration with errors (29) converges to the solution x∗of Sx = f .
Remark 1. Our better results remain true under the weaker conditions such that the range of T
is bounded. Hence much more unnecessary conditions such as the closeness and convexity in
Refs. [16,17] can be dropped.
594 Z. Huang, F. Bu / J. Math. Anal. Appl. 325 (2007) 586–594Remark 2. If ξn = 0, νn = 0, n = 0, or if γn = 0, γ ′n = 0, for all n ∈N, then our Theorems 1, 2,
Theorems 3, 5, and Theorems 4, 6 will reduce to Theorem 8 of [16], Theorem 2.1 of [17], and
Corollary 3.3 of [17], respectively. Hence, the results in [16,17] are the special cases of our paper.
Then as a conclusion of our results, in uniformly smooth Banach spaces and without Lipschitzian
assumption (even not necessarily continuous), for any initial point u1 = x1 ∈ X, these modified
sequences with errors converge equivalently. Consequently, our theorems include the results in
[16,17] as special cases and hence generalize all of the recent results in [1–18].
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